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The behavior  of a homogeneous mix ture  of isotropic  continua interact ing with an e l e c t r o m a g -  
netic field is d iscussed.  It  is a s sumed  that the continuum has  a s imple  m e m o r y  for  s t ra ins ,  
t empe ra tu r e ,  polar izat ion,  and magnet izat ion.  Constitutive functionals  a re  cons t ruc ted  for  
the continuum and a t h e o r e m  on f ree  energy is proved. 

We descr ibe  the behavior  of a mix tu re  of n isot ropic  conducting continua using a model  of a continuous 
medium with internal  degrees  of f r eedom [1, 2], taking account of the effect  of the ave rage  motion of the 
m i c r o s t r u c t u r e  of the medium on its macroscop ic  behavior .  In accor=d with wel l 'known [3-8] concepts  we 
define a t rans la t ional  veloci ty  vec to r  -~ and a par t ic le  rotat ion tensor  t2 at each point of the medium.  The 
medium is a ssumed  capable  of being polar ized  and magnet ized and has  charges ,  cu r r en t s ,  and internal  
sources  of m a t e r i a l  such as  chemica l  reac t ions .  

We as sume  that  a body force  of density fk is applied at each point of a volume V of the continuous 
ma te r i a l ,  and force  s t r e s s e s  and e lec t romagnet ic  s t r e s s e s  descr ibed  by the vec to r s  S-*n and-~ n r e spec t ive ly  
act  on i ts  su r face  ~. 

Basic  Laws of Mechanics  and Thermodynamics .  Omitting the m a s s  and momentum balance equations 
because  of the i r  t r iv ia l i ty  we have the following sy s t em of balance equations for  motions which a re  cont in-  
uous except  at a finite number  of s ingular i t ies :  

dN -=7 
p - - ~  = pD--' V.Q--Tk -k l~; 

P -- - -  V --)q --' 
dt dt (1) 

d~ . ~  > 0 .  P ~ -  - - P ( ~ -  V 

=~ 
Here  N is the.spin iner t ia  t ensor  [10]; Q is a th i rd  rank tensor  of the f i r s t  s t r e s s  moments ,  a s sumed  ant i-  
symmet r i c ;  JT/is the entropy flux vec to r .  The opera t ions  ( . . )  and ( . . . )  denote double and t r ip le  c o n t r a c -  
tion respect ive ly .  We note that  Eqs. (1) follow f rom the basic  s y s t e m  of balance equations for  continuous 
media  [9, 10], and include the balance equation for  f i r s t  s t r e s s  moment s  known f r o m  [10] where a detailed 
explanation of the va r ious  t e r m s  of the equation is given.�9 The second of Eqs. (1) r e p r e s e n t s  the f i r s t  law 
of the rmodynamics  taking account of polar iza t ion and magnetizat ion,  and the th i rd  e x p r e s s e s  the Clansius 

--Duhem inequality [10]. Assuming  that  in the absence of mie ros t r e t eh ing  of pa r t i c les  Q and ~2 a re  sub-  
jected to an t i symmet r i c  boundary conditions we mult iply the f i r s t  of Eqs.  (1) by the Levi - -Civ i ta  a l ternat ing 
t ensor  and obtain the balance equation for  f i r s t  moment s  valid for  a n a r r o w e r  c l a s s  of continua than the 
original ,  but more  widely known in pract ice :  
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ps s = v . i ~ + ~ + f i ( ~  �9 (~.) 
dt 

Equation (2) is the balance equation for  internal  angular  momenta ,  a poss ib le  consequence of the rotat ional  
motion of the pa r t i c l e s  compr i s ing  the sys t em.  The r ight-hand side of (2) contains the momen t s  of the d i s -  
t r ibuted body and sur face  f o r c e s  and the a n t i s y m m e t r i c  par t  of the force  s t r e s s  t ensor  e x p r e s s e d  in t e r m s  
of the axial  vector ' -H (a). 

The la t t e r  two of Eqs. (1) together  with the conditions [11] 

J-*, =-n~r q_ -~(s) = - - .  Jq T-  Z%], ,  (3) 

pb (4) 
(9 

lead to the following local  Claus ius- -Duhem inequality 

) ~ -" 1 -++  d~l 1 du -q , l---- ~I . . \ v - i - -  i . E - -  p% 
P dt @ dt @ @ 

. _ >  

" d t  (9 d t  ~1 @2 
(5) 

- +  

= 7 
-i  ~ Q ' I  -~ ..~::q ~ ( A - - I I ) , , "  [ -~-  4 > 0 .  

If condition (2) is taken into account,  we can wri te  (5) in the f o r m  

�9 �9 M .  �9 T / o ~  + -4 -(E~ 7 -+  -4 -(/4~ -d7 + 0 

+ ~-n• + ~ -  ~ h . h -  @-s~.~,o-v.7~ 2) >0. 
& 

H._,ere al is the s t rength  of the internal  ent ropy source  a r i s ing  f r o m  fac to r s  other  than the energy sou rces  b; 
E 0 and H'0 a r e  the in tensi t ies  of the e lec t r ic  and magnet ic  f ields for  an equi l ibr ium t rans format ion ;  | is the 
t e m p e r a t u r e ;  • means  that  the f i r s t  f a c t o r s  of the dyads a r e  mult ipl ied vec tor ia l ly  and the second sca la r ly .  

B__asie Laws of E lee t rodynamies .  The equations of conserva t ion  of charge ,  the e lec t romagnet ic  field, 
the conserva t ion  of momen tum and energy  density of the e lec t romagnet ic  field, and the express ions  for  the 
ponderomot ive  fo rce  and the e lec t romagne t ic  s t r e s s  t enso r  a r e  taken f rom [12, 13]. 

Construct ion of Modified Axioms.  Basic T h e o r e m  of Constitutive Theory  for  Mate r i a l s  with a Simple 
Memory .  The cons t ruc t ion  of const i tut ive funetionals  r equ i r e s  the use  of the bas ic  ax ioms  of const i tut ive 
theory  f i r s t  p roposed  by A. Er ingen [14, 15] for  t he rmomechan ica l  m a t e r i a l s .  However ,  these  basic  
ax ioms  mus t  be modified for  the p re sen t  investigation to include nonsimple  thermodynamic  p r o c e s s e s  for  
a model of a po la r izab le  and magnet izable  mul t ieomponent  continuum in e lec t romagnet ic  f i e l d s . .  

The axiom of causa l i ty  mus t  be modified fo r  our conditions so that  the independent va r i ab l e s  include 
not only motion and tempe_.ratur~t but a l so  mic ro ro t a t i ons ,  concent ra t ions ,  and the polar iza t ion  and m a g -  
net izat ion pe r  unit m a s s  p and ~. 

The axiom of d e t e r m i n i s m  mus t  be modif ied for  the nonsimple  the rmomechan ica l  p r o c e s s e s  under  

d iscuss ion so that  the const i tut ive f tmctionals  for  II ,  M, Jq, ~?, 0,  E, H, and i will depend not only on the 
h i s to ry  of the motion and t e m p e r a t u r e ,  but also on the h i s to ry  of the change of concent ra t ions ,  and the h i s -  
to ry  of ro ta t ions ,  polar iza t ion,  and magnet iza t ion .  

We l imi t  ou r se lves  to the invest igat ion of the p rac t i ca l ly  impor tant  case  of a s imple  ma t e r i a l  with a 
s imple  t he rmomeehan i ca l  and e lec t romagne t ic  m e m o r y .  By a s imple  ma t e r i a l  we mean a ma t e r i a l  whose 
const i tut ive functionals  depend on gradien ts  of no higher  than the f i r s t  o rder .  A ma te r i a l  with a s imple  
m e m o r y  is one for  which the const i tut ive functionals  depend only on the f i r s t  t ime der iva t ives  of the i r  
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arguments .  Thus in the following discussion the resu l t s  will be l imited to continua composed of media  
whose constitutive functionals, by the axiom of objectivity, depend on the following arguments:  

p-X; e; p; ~; c~; v;.Ur; (VV)~; Vxv--2m; Vm; VG; VO; d__~O. 
�9 t i t  (7) 

d (vo); p;,.; v;; v;. 
dt 

Here  V is the del operator ;  {V-~) s is the symmetr ic  par t  of the displacement  velocity gradient  tensor  

. . . . .  d F  , ~ . . . .  p = p- lp;  ~ = p - , ~ ;  pp, := ~ / -  ~ v .  (vP) -- ~• 

Pl~* - + V"  (vM) 
dt 

x denotes vec tor  multiplication. 

We exclude simple memory  of concentrat ion on the bas is  of the axiom of admissibil i ty,  since the t ime 
der ivat ives  of c a can be found f rom the equation of continuity. 

On the basis  of the axiom of equipresence we assume that the remaining " c a u s e s , "  i . e . ,  the depen- 

dent var iables  M, Jq, 7, r E, H, and i will be functions of the same set of arguments .  Consequently on 
the basis  of the second of Eqs. (1) we have for  the Helmholtz f ree  energy �9 = u--| 

p [ or  s d(Vv)~j 1 0r  d O +  O~ dO 
0 [O(-~v)q dt p20p------~- dt O0 dt 

OcP dpl OcP dlh _~_ OcP drk't -t ~ ocrp dc i 

0r  d(Vxv--2~0)~ + O~ d(Vm)Uq O~ dv~ 
+ 

O (Vxv- -  2o))i dt 0 (V@U dt Ov~ dt 

+ . a(vc,)~ dt + a ( v o h  ~ T -  ~- ao ctr 

-l- - - O q ~  d" vO~ [- OrO d (PP*h + __Oq~ d (pp,*)~ (8) 
O (VO)~ dr" 0 (pp*)~ dt O (pl~*)~ dt 

d O ]  1 =: _~_ Oq~ d(VP)u , Oq3 d( ,~t)i~ F rl + --o--H..Vv 
o( , : : p )~  at ~ ' o ( v ~ ) ,  at - f f -  

p 7 

+-0--  .Vg + --O--fix. I. eo + ~ 

Since (7) shows that the f r e e  energy does not depend on the t ime der iva t ives  of the gradients  of w_ c a, 
p_ andS', and does not depend on the second t ime der iva t ives  of the t_.emperature and the t empera tu re  g r a -  
dient, and also does not depend on the t ime der ivat ives  of pp* and Pt~*, and since inequality (8) is l inear  in 
these derivat ives,  the neces sa ry  and sufficient conditions for  (8) to hold for  any independent var ia t ions  of 
these der ivat ives  are ,  according to [16], the relat ions 

0r 0r  0q~ 0q~ 0q~ 
"q -- O0 ; "0 (Vv)[ i = 0 (Vxv--2co)i 0 (V(o)i i O0 

Z O~ Orb aq~ _ o r  aq5 _ Orb = 0 r  

= a (-~cc~)j a ( v O h  O (pp*)~ O (p~t*)~ O (Vp)~j O (V~)~i av~ 
i 

C_2onsequently the f ree  energy �9 is a function of only the following var iables:  
p, and ~. 

We resolve the s t r e s s  into elast ic  and dissipative parts:  

~I=y~I(p-~; O; vO; 

O~ 
- -  - -  O ~  

0% 

p-l, | V| Ca, Vr, 

(9) 
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dO 
(Vv)'; Wxv--2~;  W~; re , ;  r e ;  

4t 

) e(v~  ; o~*; p~*; vp; v ;  . 
dt 

(lo) 

We reso lve  ~l into two pa r t s  in the s ame  way: 

( -~ n = ~,~ Co-'; e; r e ;  ~,; v;:; Pl, ~ ) +  ~n p-'; e; ~; ~; c,; & vT; 
(11) 

(Vv)'; Vx~--2~;  We; Vc,; vO; dO . d (VO) ;  p~,; p~,; VP; V~) . 
dt ' dt 

Substituting (9)-(11) into inequality (8) we obtain 

0 04 dry, n + 04 d(Ve)i + Dq ~-~ I I  .. (V'~)' 
O OQ,] dt dt - ~  o(ve)~ (12) 

+ ~  i . E +  - . V ~ +  f i x . / . = +  1 -~(2,-, 0, -o ZT,, ~ , - ~ s ~  ~ o - v  o~ . . - ,  

k 

supplemented by the exp res s ions  

O~D �9 ~ H i j  : I~ i j  - -  DF~ij = 0 --OC~ d r ( ~ , j )  . 
un = ~ 1 - -  o q  - a o  ' ' ' a r . , ~ )  dt 

04 pe . ~ 0 _ ~ = 2  04 ~; ~ o _ ~ = 2  04 -,- (13) 
Oc~ lv ~ ' OJj ~ ~t. 

The thi rd  of Eqs,  (13) is obtained if po I is re la ted  to the chemica l  r eac t ions  in the sy s t em by the 
equation pu 1 = BA/@, where B is the ra te  of a chemica l  reacti__onand A = - - (p |  according  to [11]. 
The f ac to r s  J~ and J2 stand for  var ia t ions .  J1 = P" P and J2 = P" ~" 

Thus we have proved  the following theorem,  the n e c e s s a r y  and sufficient condition for  the local 
Claus ius- -Duhem inequality to be sa t i s f ied  in s imple  m a t e r i a l s  with a s imple  e lec t romagne t ic  m e m o r y  when 
Eqs.  (12) and (13) hold is that the f r ee  energy  be a function of the a rguments .  

cp = r O; ~7 6); q; U r; p; F)"- 

The cons t ruc t ion  of the ent ropy balance  equation and the l inear  phenomenological  equations will be 
developed in subsequent  a r t i c l e s .  

E 
H 

l 

P 
& 
Jq 

P = ~Pk 

B i 
ei 

f~ 
u 

Jk 
b 

Q 

A 

D 

ti 

N O T A T I O N  

is the intensi ty of the e lec t r ic  field; 
ts the intensi ty of the magnet ic  field; 
Ls the conduction cur ren t ;  
ts the polar iza t ion  pe r  unit mass ;  
ts the magnet iza t ion  pe r  unit mass ;  
Is the heat  flux vector ;  
ts the density of the mixture;  

is the ra te  of the j - th  chemica l  react ion;  
is the concentra t ion of component  i; 

is the rotat ion tensor ;  
is the  internal  energy densi ty pe r  unit mass ;  
is the diffusion flux of component  k; 
is the density of heat  sources ;  

is 

is 

is 

is 
is  

a third rank t enso r  of the f i r s t  s t r e s s  moments ;  

a second rank t enso r  of the ave rage  m i c r o s t r e s s e s ;  

a second rank t enso r  of the f i r s t  m a s s  moments ;  

the fo rce  s t r e s s  tensor ;  
the en t ropy density pe r  unit mass ;  
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is the entropy source strength; 
is the rotational vector; 

J is the scalar moment of inertia; 

is the couple stress tensor; 
h is the mass pairs vector; 
~(a) is an axial vector corresponding to the antisymmetric part of the force stress tensor; 
~k is the partial specific Gibbs function; 
| is the temperature. 
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